Synchrotron radiation of relativistic electrons is an important radiation mechanism in many astrophysical sources. In the sources where the synchrotron cooling time scale t c is shorter than the dynamical time scale t dyn , electrons are cooled down below the minimum injection energy. It has been believed that such "fast cooling" electrons have an energy distribution dN e /dγ e ∝ γ −2 e , and their synchrotron radiation flux density has a spectral shape
us consider a continuity equation of electrons in energy space (∂/∂t)(dN e /dγ e ) + (∂/∂γ e ) [γ e (dN e /dγ e )] = Q(γ e , t), where dN e /dγ e is the instantaneous electron spectrum of the system at the epoch t, and Q(γ e , t) is the source function above a minimum injection Lorentz factor γ m of the electrons. For synchrotron radiation, the electron energy loss rate
where σ T , m e , and c are Thomson cross section, electron mass, and speed of light, respectively, and B is the strength of magnetic fields in the emission region. For fast cooling, electrons are cooled rapidly to an energy γ c (t) (cooling energy) below the injection energy γ m at time t. In the regime γ c < γ e < γ m , one has Q(γ e , t) = 0. Also consider a steady state system (∂/∂t = 0), then one immediately gets dN e /dγ e ∝ γ −2 e , i.e. the electron spectral index isp = 2. The specific intensity of synchrotron spectrum would have a spectral , where E γ is the photon energy, and N γ is the photon number flux) would then be α = −(1 + s) = −1.5.
The above argument relies on a crucial assumption of a steady state, which is achieved when a constant B is invoked. However, in a rapidly expanding source such as a GRB, the magnetic field strength in the emission region cannot be preserved as a constant. In the rest frame of a conical jet, flux conservation indicates that 12 Here r is the distance from the central engine. Considering other effects (e.g. magnetic dissipation, non-conical geometry), the decay law may be described by a more general form
We investigate a generic problem of electron fast cooling in a decreasing magnetic field delineated by Eq.2, and study the synchrotron emission spectrum. Targeting on interpreting the GRB prompt emission spectra, we adopt some parameters that are relevant for GRBs. To be more generic, our calculation does not specify a particular energy dissipation mechanism or particle acceleration mechanism, and hence, can apply to a variety of GRB prompt emission models such as internal shocks 13, 14 and internal collision-induced magnetic reconnection and turbulence. 15 We consider a toy box that contains electrons and a co-moving magnetic field B ′ , which moves relativistically towards the observer with a bulk Lorentz factor Γ. The relativistic electrons are accelerated into a power-law distribution Electrons undergo both radiative and adiabatic cooling. In the rest frame that is comoving with the relativistic ejecta, the evolution of the Lorentz factor γ e of an electron can be described by 16 (noticing pressure p is ∝ n 4/3 e in an adiabatically expanding relativistic
For a conically expanding toy box, we take the comoving electron number density n e ∝ r −2 , which gives d ln n e = −2d ln r. We divide the injection function Q(γ e , t ′ ) into small divisions in time space t ′ and also in the energy space γ e , and numerically follow cooling of each group of electrons (between [t ′ , t ′ + δt ′ ] and [γ e , γ e + δγ e ]) individually using Eq.3. We then find the instantaneous global electron spectrum dN e /dγ e of the system at any epoch.
We first consider four models with different decay indices b in Eq.2. The "normalization" parameter of magnetic field decay law is taken as B and hardens to aroundp ∼ 1. The corresponding photon spectrum is nearly flat (F ν ∝ ν 0 ), which corresponds to a photon index α ∼ −1, the typical low-energy photon index observed in most GRBs. 3, 4 In Columns 3 and 4 of Fig.1 and Fig.2 , we present Models [c] and [d] , for which a steeper decay index b = 1.2 and b = 1.5 are adopted, respectively.
They may correspond to the cases when significant magnetic dissipation occurs during the course of synchrotron radiation. As shown in Fig.2 , both models also give spectra that are consistent with the observations.
In order to understand the physical origin of such an effect, in Fig.3 we decompose the t obs = 1.0 s instantaneous electron spectrum into the contributions of 10 injection time slices, each lasting for 0.1 s. For the constant B ′ case (Fig.3a) , one can see that as the electrons age, they tend to distribute more narrowly in logarithmic energy space, so that the electron number per energy bin increases. This is because in the fast cooling regime, as time elapses, the original electrons with a wide range of energy distribution tend to cool down to a narrow range of cooling energy defined by the ages of the electrons in the group, which are very close to each other at late epochs. Above γ m , the electron energy density distribution remains unchanged with time, since it is always determined by the same injection rate and cooling rate.
The cases of B ′ decay show a more complicated behavior. The distribution of each group of electrons still shrinks as the group ages. However, since at early epochs the magnetic field was stronger, it had a stronger cooling effect so that for a same injection time duration (0.1 s), initially it had a wider spread in energy at a given age (which can be noticed by comparing the 0. The model predicts that the low-energy spectrum below the injection frequency ν m is curved, due to the complicated cooling effect as delineated in Fig.3 . Most GRB detectors have a narrow band pass so that below the peak energy (typically a few hundred keV), there are at most 2 decades in energy. Nonetheless, in the detector band pass, the observed spectra are usually fit by a Band function, with the low energy spectral index α ∼ −1. In most situations, time resolved spectral analyses are carried out with a time bin in seconds.
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This is the typical time scale of the slow variability component in most GRB light curves.
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We therefore focus on the 1 s and 3 s model spectra. We truncate these spectra in a narrow band (5 keV -5 MeV) and compare them with the empirical Band function fits (Fig.4) .
One can observe that most of our model spectra are consistent with the Band function with the correct low-energy spectral indices.
Outside the band pass, our model predicts an asymptotic value of the low-energy electron energy spectral index ofp a = (6b − 4)/(6b − 1), which is 2/5 for b = 1. This is seen in the numerical results of the models (lower panels in Fig.1 ), and can be derived analytically (see Appendix). According to the simple relationship s = (p − 1)/2, one gets
. In reality, due to the contribution of the 1/3 segment of the individual electron spectrum, which becomes significant wheñ p approaches 1/3 from above, the asymptotic photon spectrum limit is softened. In this case, s is about -0.2. This corresponds to a photon index of -0.8, which is much harder than the nominal value -1.5.
Besides the decay index b as discussed above, the value of low-energy photon index α also depends on several other factors: the "normalization" parameter B ′ as a constant to assure a same observed E p . We then repeat the calculations as described above and perform the Band-function fits to the model spectra. The resulting Bandfunction parameters are presented in Table 1 . One can see that an α value ranging from ∼ −1 to −1.5 are obtained. The general trend is that a lower B ′ tends to give rise to a harder α value.
The light curve of GRBs show erratic variability, and can be de-composed as the superposition of many "pulses". The decay phase of a pulse is usually controlled by the high-latitude "curvature" effect, 18 so the observed spectral indices are mostly defined by the rising phase of a pulse. An increase in the injection rate gives more weight to electrons that are injected later, which tend to harden the spectrum. We test how the injection history during the rising phase affects α. Table 2 . One can see that by introducing a rise of injection rate with Table 3 shows the spectral parameters of these models. One can see that α hardens as q increases (a more rapid increase). For these four models, the α value is in the range between -0.82 and -1.03.
This model predicts a hard-to-soft evolution of the peak energy E p during a broad pulse. This is consistent with the observational trends of a large fraction of GRBs.
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According to Fig.1 and Fig.2 , the electron spectrum also tends to harden with time. So is the α value. This model therefore predicts that for a broad pulse in a GRB, during the very early epochs, the α value would harden with time. If the α value of a GRB is already very hard from the very beginning, then the above mentioned α evolution is no longer significant, even though electron spectrum continues to harden with time. This is because the contributions from the 1/3 spectral segment for individual electrons become more important.
Two caveats to apply this model to interpret GRB prompt emission should be noticed. range demanded by the model could be achieved.
The new physics in the moderately fast cooling regime discussed in this paper would find applications in many other astrophysical systems invoking jets and explosions, such as active galactic nuclei, galactic "micro-quasars" in X-ray binaries, as well as jets from tidal disruption of stars by supermassive black holes. Within the GRB context, it also finds application in the afterglow phase where electrons never enter a deep fast-cooling regime.
Further investigations of this physical processes in other astrophysical environment are called for.
where
We then find the solution of electron Lorentz factor at any time t
where γ e (t ′ i ) is the electron Lorentz factor at an initial time t
For a constant injection rate R inj , we have δN e ∝ δt ′ i . Thus, we have an asymptotic behavior of the global electron spectrum as follows.
Now we consider the full Eq.3 that includes the adiabatic term. and r = c t ′ Γ, Equation 3 can be written as
This equation has an analytic solution
where C is the integration constant of the differential equation, to be determined by the initial condition; γ e (t 
where we have again assumed a constant injection rate R inj . Therefore we have the asymptotic low-energy electron spectral indexp a = (6b − 4)/(6b − 1). Q(γ e , t ′ )dγ e = 10 47 s −1 is adopted, with both Q 0 and γ m as constants. The electron injection into the box begins at r = 10 14 cm. The ejecta is assumed to be moving towards the observer with a Lorentz factor Γ = 300, and the burst is assumed at a cosmological redshift z = 1. For each model, the instantaneous electron spectra at four different epochs since the beginning of electron acceleration are calculated. The four epochs in the observer's frame are: 0.1 s (black), 0.3 s (blue), 1.0 s (red), and 3.0 s (green). For each epoch, the sharp cutoff at low energies corresponds to the "cooling energy" of the system, which is defined by the strength of the magnetic fields and the age of the electrons. Given the same B ′ 0 field at r = 10 15 cm, the B ′ field is stronger at earlier epochs, so that electrons undergo more significant cooling initially. One can see that the cooling energy is systematically lower than that of the constant B ) all give rise to much harder spectrum below the injection break ν m . For the spectra in the seconds time scale (1 s -red; 3 s -green), the low-energy spectral index is nearly flat, consistent with the typical observed photon index -1. Lower panels show local spectral slopes as a function of observed frequency. The energy peak E p corresponds to the transition break towards the p/2 index. So a clear hard-to-soft evolution of E p is predicted, which is consistent with the data of most broad pulses observed in GRBs. 
